Let R denote the class of functions f(z) = z + aiz2 Hthat are analytic in the unit disc E = {z: \z\ < 1} and satisfy the condition Re(/'(z) + zf"(z)) > 0 > z e E. It is known that R is a subclass of S¡, the class of univalent starlike functions in E . In the present paper, among other things, we prove (i) for every n > 1 , the nth partial sum of / € R, sn(z,f), is univalent in E , (ii) R is closed with respect to Hadamard convolution, and (iii) the Hadamard convolution of any two members of R is a convex function in E.
Introduction
Let A denote the class of functions / that are regular in the unit disc E = {z: \z\ < 1} and satisfy the conditions /(0) = /(O) -1=0.
We denote by S the subclass of A consisting of univalent functions and by K, St, and C the usual subclasses of S whose members are convex, starlike (w.r.t. the origin) and close-to-convex, respectively. Finally, denote by 7? the family of functions f e A which satisfy the condition Re(f(z) + zf'(z)) > 0, z e E. Chichra [1] proved that if f e R, then Re f (z) > 0, z G E, and hence / is univalent in E. R. Singh and S. Singh [8] showed that if / G 7? then / is also starlike in E.
In the present paper we improve Chichra's result and show that the assertion of Singh and Singh holds under a much weaker hypothesis. We also prove that for every integer « > 1, the « th partial sum of f e R, sn(z,f), is close-toconvex in E. Finally, we prove that 7? is closed with respect to Hadamard convolution and that if /, g G R, then their Hadamard convolution is convex in E. The significance of the last two results will be made clear later on at the appropriate place.
Preliminaries
We shall need the following definitions and results. If/(z) = Y^L0a"z" and g(z) = J2™=0bnz" are analytic in |z| < p, then their Hadamard product/convolution, / * g, is the function defined by the power series oo (f*g)(z) = J2anbnZ"-n=0
The function /* g is also analytic in [z[< p.
A sequence {c"}^° of non-negative numbers is said to be a convex null sequence if cn -y 0 as « -y co and
If / is analytic in \z\ < p, g is analytic and univalent in |z| < p and f(0) = g(0), then we say that / is subordinate to g in |z| < p, in symbols, Lemma 4. If P(z) is analytic in E, P(0) = 1, and ReP(z) > \ , z e E, then for any function F, analytic in E, the function P*F takes values in the convex hull of the image of E under F.
Lemmas 1, 2, and 3 are due to Fejër [2] , Jack [3] , and Rogosinski and Szegö [6] , respectively. The assertion of Lemma 4 readily follows by using the Herglotz' representation for P(z). 
Clearly 7J(z) is analytic in E, P(0) = 1 and [5] Now, since we can write
it follows, in view of (2) In view of (1), (6), (5) and Lemma 4, we deduce that Res'n(z,f) > 0, zeE, and so sn(z ,f) is close-to-convex in Tí for every « > 1 .
(d) Let «w-i+èî**-1.
A:=2
Then by (6), we have Req(z) > j in E. An application of Lemma 2 readily provides that (7) ;|-f q{t) dt and making use of (2), (7) and Lemma 4, the conclusion (d) follows at once.
Remark 1. It is clear that / G 7? if and only if Reg'(z) > 0, zeE, where g(z) -zf(z).
From this it follows that if f e R, then / has the integral representation (8) 
J\x\=\ xz where p. is a probability measure on |x| = 1. Since Re[(-2/,xz)log(l -xz)] > 21og2 [5] , part (a) also follows from (8) . If f e R, then as seen in Theorem 1, part (c), each sn(z,f) is univalent in E. It is, therefore, natural to ask for the largest number kn, 0 < kn < 1, such that knsn(z, f) -< s {(z ,f), zeE.
Using part (d) of the above theorem along with the fact that if f(z) = z + £~ 2 anz" eR, then \an \ < 2/«2, « > 2, we readily obtain the following result which provides a lower bound for kn . since k > 1 and, in view of (11), Re(f(z)/z) > j , z G E. As (14) contradicts our hypothesis, we conclude that \w(z)\ < 1 in E. Equation (12) then implies that / must belong to St.
Corollary 2. If g e A and
Re[g(z) + 3zg"(z) + z2g'"(z)] > -I (zeE), then g g K.
It is known [7] that if / G St and g e K, then f * g e St and that if /, g eSt, then f* g need not be in St. In the following theorem we prove that if /, g e R, a subclass of St, then so does /* g, i.e. R is closed with respect to Hadamard product. and hence
Since Re(f'(z) + zf'(z)) > 0, zeE, and by Theorem 1, part (b), Re(g(z)/z) > -, z G E, the desired result follows at once from (15) and Lemma 4. We observe that Re(g(z)/z) > \ , zeE, need not even imply the univalence of g in E.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use In the next theorem we prove that if /, g e R, then f * g e K. Since the class K is closed with respect to Hadamard convolution [7] , the significance of our result will be apparent only if we show that R (which has hitherto been shown to be a subset of St ) is not contained in K. To prove that T? c¿ K, denote by P' the family of functions f G A which satisfy the condition Ref'(z) > 0, z g E. Krzyz [4] has demonstrated a function f0G P' such that f0 £ St (space does not permit us to carry out the construction of f0 ). Clearly the function f*, defined by f*(z) = /^(./¿(O/C) di,, is a member of JR which is not in K, showing that R £ K. The proof of Theorem 4 is, therefore, complete.
